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Problem Set # 11

Justify all your answers completely (Or with a proof or with a counter example)
unless mentioned differently. No step should be a mystery or bring a question. The grader
cannot be expected to work his way through a sprawling mess of identities presented without
a coherent narrative through line. If he can’t make sense of it in finite time you could lose
serious points. Coherent, readable exposition of your work is half the job in mathematics.
You will loose serious points if your exposition is messy, incomplete, uses mathematical
symbols not adapted...

Exercise 1:
Find the Jordan canonical form of the following matrices over C and deduce the corre-
sponding canonical form for those matrices over R and give for both the base change
matrices that permit to get those forms:

1. A =

 4 −1 −1
−2 0 4
2 −2 2



2. B =


2 1 0 0
−1 4 0 0
−1 4 1 −1
−1 3 2 −1



3. C =


3 2 −2 −1
1 0 −1 0
3 3 −2 −1
4 0 −2 −1


Exercise 2: Prove the following important property of the exponential map

det(eA) = eTr(A) for all A ∈M(n,F)

holds when F = C. Then explain how complexification can be used to show this result
remains true when F = R.

Exercise 3: Find A ∈ M(2,C) such that LA(x) = A · x is diagonalizable, but not
orthogonally diagonalizable with respect to the standard inner product on C2.
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Exercise 4: Let V be an inner product space T : V → V diagonalizable. Prove that T
is orthogonally diagonalizable if and only if the eigenspace Eλ(T ) in V = ⊕λ∈Sp(T )Eλ(T )
are orthogonal.

Exercise 5:
Decide whether A, B are unitarily equivalent.

1. A =

(
0 1
1 0

)
and B =

(
0 1/2

1/2 0

)

2. A =

 1 1 0
0 2 2
0 0 3

 and B =

 1 0 0
0 2 0
0 0 3

.

Exercise 6:
If T is a unitary operator on a finite dimensional inner product space. Prove that it
has a unitary square root U (such that U2 = T ).

Exercise 7:
Let U : V → V be a linear operator on a finite dimensional inner product space. If
||U(x)|| = ||x||, for all x ∈ V (U is an isometry), is U necessarily a unitary operator?
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